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DEGREES OF MAPS BETWEEN LOCALLY SYMMETRIC SPACES 


ARGHYA MONDAL AND PARAMESWARAN SANKARAN 


Abstract. Let X be a locally symmetric space T\G/K where G is a connected non¬ 
compact semisimple real Lie group with trivial centre, AT is a maximal compact subgroup 
of G, and L C G is a torsion-free irreducible lattice in G. Let Y = A\H/L be another 
such space having the same dimension as X. Suppose that real rank of G is at least 2. 
We show that any / : X —^ Y is either null-homotopic or is homotopic to a covering 
projection of degree an integer that depends only on L and A. As a corollary we obtain 
that the set [X, Y] of homotopy classes of maps from X to Y is finite. 

We obtain results on the (non-) existence of orientation reversing diffeomorphisms on 
X as well as the fixed point property for X. 


1. Introduction 

Let G be a connected non-compact semisimple real Lie group with trivial centre and 
without compact factors and let A C G be a maximal compact subgroup. Then G/K 
is a Riemannian globally symmetric space which is contractible. If L is a torsion-free 
lattice in G, then the locally symmetric space X = r\G/A (of non-compact type) is a 
manifold which is an Eilenberg-MacLane space A(r,l). Locally symmetric spaces are 
fundamental objects which arise in different areas of mathematics such as geometry, Lie 
groups, representation theory, number theory as well as topology. In this article we study 
the problem of homotopy classification of maps between two such spaces. 

Our main result is the following. Recall that a lattice L C G in a connected semisimple 
real Lie group is called irreducible if its image in G/N under the projection G —)■ G/N is 
dense for any non-compact normal subgroup N of G. (This definition is weaker than the 
one given in [37]; the two definitions agree when G has no non-trivial compact factors.) 

Let / : M —)■ A be any continuous map between two oriented connected manifolds of 
the same dimension n. Recall that if M and N are compact, the deg(/) G Z is dehned by 
= deg(/)./iAr where /* : A„(M;Z) = Z/iM -t Z/iat = Hn{N]Z) and are 

the fundamental classes of M and N respectively. If M and N are non-compact and if / 
is proper, then deg(/) G Z is defined in an analogous manner using compactly supported 
cohomology. 

Theorem 1.1. Let G, H he connected semisimple Lie groups with trivial centre and with¬ 
out compact factors and let K, L be maximal compact subgroups of G and H respectively. 
Suppose that the (real) rank of G is at least 2 and that dimG/A > dimH/L. Let T be 
an irreducible torsionless lattice in G and let A be any torsionless lattice in H. There 
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exists a non-negative integer 6 = (5(r,A) such that the following hold: Any continuous 
map f : T\G/K —)■ A\H/L is either null-homotopic or is homotopic to a proper map g 
such that deg( 5 f) = ±5. 


It will be shown that (5(r, A) equals [A : A'], the index of A' C A, where A' is any hnite 
index subgroup of A isomorphic to F. If there is no such subgroup, then (5(r,A) = 0. 
The assertion in the above theorem that / is homotopic to a covering projection if it 
is not null-homotopic follows by a straightforward argument using the rigidity theorem 
and the Margulis’ normal subgroup theorem. By comparing the volumes of the locally 
symmetric spaces it can be seen that 5(r,A) is independent of the continuous map /. 
When 5 > 0, both 6 and —6 occur as degrees of maps as in the theorem only if G/K 
admits an orientation reversing isometry. See Remark 3.2. We classify, almost completely, 
all globally symmetric spaces G/K with G simple, such that for any lattice F C G, the 
locally symmetric space X = r\G/K does not admit an orientation reversing isometry. 
The only cases which remain unsettled are certain G/K where G is exceptional. 

We obtain the following result as a corollary. 

Theorem 1.2. Let X = T\G/K,Y = A\H/L where G,H,T,A satisfy the hypotheses 
Theorem 1.1. Then the set [W, T] of all (free) homotopy classes of maps from X to Y is 
finite. 


Theorem 1.1 is not valid when G has rank 1. If F is such that its abelianization is 
inhnite, then there exist inhnitely many non-trivial homomorphisms F —)• A with image 
an inhnite cyclic group. Using this, it is easily seen that there are inhnitely many pairwise 
non-homotopic continuous maps of T/G/K to any irreducible locally symmetric space. 
See §5.2. However, we observe, in §5.1, that any self-map of a rank-1 locally symmetric 
space (of non-compact type) having non-zero degree is a homotopy equivalence and hence 
that, up to homotopy, there are only finitely many such maps provided dimG/iF > 3. 

Theorem 1.2 should be contrasted with the situation in the case of irreducible hermitian 
symmetric spaces of compact type. It is known that there are continuous self-maps of 
the complex Grassmann manifold CGn,k having arbitrarily large degree. (Recall that 
^Gn,k = SUin)/S{U{k) X U{n — k)) is the space of all fc-dimensional C-vector subspaces 
of €"■.) See [9, Example 2.2, p. 208]. 

The paper is organised as follows: In §2 we introduce the notions of J^-co-Hophcity 
and minimal index. The main theorems are proved in §3. In §4 we consider the problem 
of classifying locally symmetric spaces which admit an orientation reversing isometry. In 
§5 we consider the case of rank-1 locally symmetric spaces. Most of our results in this 
section hold for manifolds with negative sectional curvature. 

Throughout this paper, by a locally symmetric space, we mean a locally symmetric space 
o/non-compact type. 
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2. J'-Co-Hopficity and minimal index 

Recall that a group T is said to be residually finite if, given any 7 G F, 7 7 ^ 1, there 
exists a hnite index subgroup A such that 7 ^ A. A group F is called Hopfian (resp. 
co-Hopfian) if any surjective (resp. injective) homomorphism F —)■ F is an automorphism. 
Any hnitely generated subgroup of a general linear group over a held is residually hnite, 
and, any hnitely generated residually hnite group is Hophan. The latter result is due to 
Mal’cev. See [22]. In particular, any lattice in a connected semisimple linear Lie group G, 
being hnitely generated, is residually hnite and hence Hophan. A deep result of Sela [32] 
says that any torsion-free hyperbolic group is Hophan. In particular, the fundamental 
group of a compact negativey curved manifold is Hophan. 

Lemma 2.1. Let F be an infinite torsion-free group. 

(i) Suppose that any non-trivial normal subgroup ofT has finite index in F. Let (/> : F —)■ A 
be any surjective homomorphism where A is infinite. Then is an isomorphism. If F is 
also co-Hopfian, then any non-trivial endomorphism of F is an isomorphism. 

(ii) (Cf. Hirshon [14] j Let 0 : F —F be an endomorphism where Im{(j)) C F has finite 
index in T. If T is finitely generated, residually finite and co-Hopfian, then 0 is an 
automorphism. 

Proof, (i) Note that ker(0) has inhnite index in F since A is inhnite. By our hypothesis 
on F, it follows that ker(0) is trivial and so 0 is an isomorphism. 

Let F be co-Hophan. If 0 : F —)■ F is a non-trivial endomorphism, then 0(F) is inhnite as 
F is torsion-free. It follows from what has been shown already that 0 is a monomorphism. 
Since F is co-Hophan, we must have 0 is onto and so 0 is an automorphism. 

(ii) This is essentially due to Hirshon [14, Corollary 3] who showed, without the hypoth¬ 
esis of co-Hophcity property, that 0 is a monomorphism. The co-Hophcity of F implies 
that 0 is an automorphism. □ 

Definition 2.2. Let F, A be any two infinite groups. Let (5(F, A) be defined as 

5(F,A) := min[A : A'] 

where the infimum is taken over all finite index subgroups A' of A which are isomorphic 
to F. If there is no such subgroup, we set (5(F, A) := 0. We call 5(F, A) the minimal index 
o/F in A. 

Let X be a hnite CW complex which is a iF(A, l)-space. Note that if A' is any hnite 
index subgroup of A, then the coving space X' of X corresponding to the subgroup A' 
is also a hnite CW complex which is a iF(A', l)-space. Also the Euler characteristic 
x(A) := x(X) is non-zero if and only if x(A') is non-zero and x(A)[A : A'] = x(A'). It 
follows that in case x(A) 7 ^ 0, then the minimal index equals the index: 5(A', A) = [A : A']. 

Definition 2.3. We say that A is X-co-Hophan if [A : Ai] = [A : A 2 ] for any two finite 
index subgroups Ai, A 2 C A such that Ai = A 2 . 
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The group Z is not J^-co-Hopfian. A non-abelian free group of finite rank is J^-co- 
Hopfian but not co-Hopfian. More generally, we see from the discussion preceding the 
above definition that if there exists a -A(A, l)-space where X is a finite CW complex with 
a(X) 7 ^ 0, then A is J^-co-Hopfian. Also if A admits no non-trivial finite quotients, then 
A is vacuously J^-co-Hopfian. 

We recall now a natural metric on a locally symmetric space. Let 0 : G —)■ G be an 
involutive automorphism with fixed group a maximal compact subgroup K. Let 0 : 0 —!■ 
be its differential where 0 := Lie{G) and let 0 = t©p be the Cartan decomposition where 
t = {V e Q \ 9{V) = V} = Lie{K),p = {V e Q \ 9{V) = -V}. The Killing form 
of 0 restricted to p is positive dehnite. Since the tangent bundle of G/K is obtained as 
G Xi^p —)■ G/K (where K acts on p via the adjoint), this yields a G-invariant Riemannian 
metric on G/K with respect to which it is a globally symmetric space. The canonical 
Riemannian metric on r\G/iL is obtained by requiring the covering projection G/K —)■ 
T\G/K = X to be a local isometry. We refer to volume of X with respect to this metric 
the canonical volume. By the strong rigidity theorem of Mostow-Margulis-Prasad ([7]) 
the canonical volume of X is a homotopy invariant. We have the following observation. 

Lemma 2.4. Let A he an infinite torsion-free group. Suppose that any one of the following 
holds: (i) there exists a finite K{A, 1) complex and x(A) ^ 0; (ii) A is the fundamental 
group of a complete Riemannian manifold M of finite volume with sectional curvature 
in [—k 2 ,—ki\ where 0 < ki < k 2 < oo; (Hi) A is an irreducible lattice in a semisimple 
Lie group H with trivial centre and having no (non-trivial) compact factors. Then A is 
X-co-Hopfian. 

Proof. By the above discussion, it only remains to consider cases (ii) and (iii). 

Case (ii). Let Ai,A 2 C A be hnite index subgroups of A such that Ai = A 2 . Let M be 
a complete Riemannian manifold with sectional curvature in [—/C 25 ~ki\ with 7ii{M) = A. 
It is known that the simplicial volume ||M|| of such a manifold is non-zero and hnite in 
view of Thurston’s inequality. See [17] and [10, §0.3]. Let pj : Mj —)■ M be the covering 
of M such that 7 ri(Mj) =: Aj,j = 1,2. Then \\Mj\\ = deg(pj).||M||. Since Ai = A 2 , we 
have ||Mi|| = IIM 2 II and so [A : Ai] = deg(pi) = deg(p 2 ) = [A : A 2 ]. 

Case (iii). This time we use the canonical volume instead of simplicial volume. As re¬ 
marked already, the Mostow-Margulis-Prasad rigidity theorem implies that the canonical 
volume of a locally symmetric space is a homotopy invariant. Thus, proceeding as in case 
(ii), we see that the assertion holds. □ 

Remark 2.5. (1) Suppose that dimG/X > 2 or that P is cocompact. Suppose that Pi 
is a hnite index subgroup of P and that P 2 C P is isomorphic to Pi then P 2 is necessarily 
of hnite index in P and by the above lemma [P : Pi] = [P : P 2 ]. Indeed, since r 2 C P is 
discrete and is isomorphic to the lattice Pi, the main result of [27] asserts that P 2 is also 
a lattice. Hence P 2 has hnite index in P. 

(2) It is known that the simplicial volume of a compact locally symmetric space of non¬ 
compact type is positive. See [20] , [6] . Thus the argument in the proof of case (ii) applies 
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to case (iii) as well. 

(3) It is known that the fnndamental gronp of a complete negatively curved manifold M 
with hnite volume is co-Hop£an provided dim(M) > 3. See [2, §5]. 

Lemma 2.6. Let 0 : F —)• A &e a homomorphism such that [A : 0(r)] < cx) where T is an 
infinite group in which every proper normal subgroup has finite index in F and A is an 
infinite torsion-free iF-co-Hopfian group. Then 5(F, A) = [A : 0(A)]. 

Proof. Since A is torsion free, the image of 0 is infinite. Hence ker(0) has inhnite index and 
hence, by our hypothesis on F, 0 is a monomorphism. If Ai is any finite index subgroup 
of A, such that Ai = F, then Ai = 0(F). By the J^-co-Hopf property of A, we have 
[A : Ai] = [A : 0(F)]. The lemma is now immediate from the dehnition of 5(F, A). □ 

3. Proof of the Main Theorems 

In this section we prove Theorems 1.1 and 1.2. 

Proof of Theorem 1.1. Without loss of generality we assume that / preserves the base 
points, which are taken to be the identity double-cosets. Thus 7 ri(X) = F, 7 ri(F) = A 
(suppressing the base point in the notation). 

Suppose that / is not null-homotopic. Then /* : vri(X) = F —)■ A = 7ri(F) is non¬ 
trivial. Note that F and A are torsion-free since X and Y are aspherical manifolds. Since 
rank{G) > 2 and F is an irreducible lattice, by Margulis’ normal subgroup theorem ([37, 
Chapter 8]) ker(/*) is finite or Jm(/*) is hnite. As F and A are torsionless and /* is non¬ 
trivial, we must have ker(/*) is trivial. Hence /* is an isomorphism of F onto a subgroup 
of Ai C A. Since Ai C iF is discrete, by the main result of Prasad [27] we see that 
dimH/L > dimG/K. Since dimX > dimP by hypothesis, we must have equality and, 
again by the same theorem, Ai is a lattice in H. Since A is a lattice of iF, we conclude 
that Ai C A must have hnite index in A. It follows that f : X ^ Y factors as po fi where 
/i : X —>■ Pi, and p : Pi —j- P is a hnite covering projection, where Pi := Ai\FF/L. Since 
/i induces isomorphism in fundamental groups, it is a homotopy equivalence as X, Pi 
are aspherical manifolds. By the Mostow-Margulis rigidity theorem, it follows that fi is 
homotopic to an isometry h. We let g ■.= p oh. 

It remains to show that deg(p) = ±deg(p) = ±[A : Ai] equals ±5(F, A), where the sign 
is positive if /i is orientation preserving and is negative otherwise. By Lemma 2.4, A is 
F^-co-Hophan. Since rankiG) > 2, in view of Margulis’ normal subgroup theorem, we see 
that the hypotheses of Lemma 2.6 hold and we have 5(F, A) = [A : Ai]. This completes 
the proof. □ 

It is a well-known and classical result of Kodaira [19, Theorem 6 ] that a compact 
locally Hermitian symmetric space has the structure of a smooth projective variety. Any 
holomorphic map / : X —)■ P is automatically an algebraic morphism of varieties (by the 
GAGA principle). 
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Proposition 3.1. Let X = T\G/K,Y = A\H/L be as in Theorem 1.1. Suppose that 
X, Y are locally Hermitian symmetric spaces and that h : X ^ Y is a non-constant 
morphism of smooth projective varieties. Then h is a covering projection. 

Proof. Let Z = h{X). Then Z is irreducible as a variety and has positive dimension. We 
claim that there exists a subvariety V G X such that h{V) = Z and dimP = dimZ. This 
is proved by induction on the dimension of X. If dim Z = dimX, then h{X) = Z = Y. So 
assume that dimZ < dimX. Let X' = Xr\'HGX he a. generic hyperplane section with 
respect to an imbedding X C P^. Then h{X') = Z. (We need only choose the hyperplane 
PL C P^ as follows: let h(x) = z he a smooth point of Z and let L = ker(Ta;X —)■ T^Z) C 
T^X C Tj-P^. We choose PL such that T^PL C T^P^ does not contain L.) By induction 
there exists a subvariety V G X' such that dimP = dimZ > 0 and hiV) = Z. 

Now the fundamental cycle py G H^{X) of V maps to a non-zero multiple of pz ^ 
H^{Y). Since pz h and since dim(Z) > 0, we conclude that h is not null-homotopic. 
By Theorem 1.1, deg(h) is non-zero and h is surjective. Let p \ Yi ^ Y he the covering 
projection corresponding to the (hnite index subgroup) h*( 7 ri(X)) C tti{Y). Then h 
factors as h = p o hi where hi : X —)■ Yi is a homotopy equivalence and p : Tj —)■ P a 
covering projection. Since p is a local biholomorphism, hi : X —)■ Yi is holomorphic and 
is a homotopy equivalence, hi* : iL*(X) —iL*(Yi) is an isomorphism. In particular hi is 
surjective. We claim that hi is one-one. Clearly hi is birational (since it has degree 1) and 
so the hbres of hi are connected by Zariski’s main theorem ([12, Corollary 11.4, Chapter 
III]). If hi is not one-one, there would exist a point y E Yi and a positive dimensional 
irreducible subvariety C G hf^fy) G X which maps to the point y. This implies that 
hu{pc) = 0, a contradiction since pc 7 ^ 0. Thus hi is a holomorphic bijection and hence 
a biholomorphism. □ 

Remark 3.2. Let X = T\G/K,Y = A\H/L be as in Theorem 1.1. Suppose that 
/ : X —)■ y is a (proper) continuous map having degree h > 0. If X admits an orientation 
reversing isometry h : X —)• X, then deg(/ o h) = —S and so both S and —6 occur 
as degrees of maps between X and Y. An analogous statement holds if Y admits an 
orientation reversing isometry. On the other hand suppose that g : X ^ Y has degree 
—6. Then replacing / and g up to homotopy if necessary, we may assume without loss of 
generality that f,g:X^Y are covering projections (which preserve base points). The 
isomorphisms, T = /*(r) and T = g*(T), are induced by isometries /' : X —)■ f*(T)\H/L 
and g' \ X ^ g^,{T)\H/L which lift to isometries fj^' : G/K -E H/L respectively. It is 
clear that /' is orientation preserving and g' is orientation reversing. Hence h := 'g'~^ o /' 
is an orientation reversing isometry of G/K. 

In the case when rank{G) > rank{H) > 1 we have the following result. 

Theorem 3.3. We keep the notations as in Theorem 1.1. (i) If rank{G) > rank{H), 
then any continuous map f : X ^ Y is null-homotopic, (ii) Suppose that rank{G) > 1 
and that M is any closed negatively curved manifold whose sectional curvature lies in 
[—k 2 , —ki] for some 0 < ki < k 2 , then any continuous map f : X ^ M is null-homotopic. 
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Note that, unlike in Theorem 1.1, we do not require that dimX > dimT. 

Proof. We need only show that the induced map between the fundamental groups is 
trivial. As in the proof of Theorem 1.1, we see that, if / is not null-homotopic, then / 
induces a monomorphism of fundamental groups. We shall show in each case that this is 
not possible. 

Case (i): A result of Prasad and Raghunathan [28] says that T contains a free abelian 
group of rank equal to the rank of G. When T is cocompact, this is due to Wolf [36]. This 
is the maximum possible rank—denoted rankiV) —of any abelian subgroup of T. Thus 
by hypothesis rankiV) > rank{A). It follows that /* : T —)■ A is not a monomorphism. 

Case (ii): Our hypothesis on M implies that is a hyperbolic group and hence has 

rank 1. The same argument as in case (i) applies and we conclude that /* : T —)• 7ri(M) 
cannot be a monomorphism. □ 

Next we turn to the proof of Theorem 1.2. 

Proof of Theorem 1.2. First note that there are only finitely many subgroups of A having 
index 5(r,A). Corresponding to any such group T = Ai C A, the deck transformation 
group of the covering projection p : Yi —)■ R is hnite; here Yi corresponds to the subgroup 
Ai. Identifying Yi with X, the set of homotopy self-equivalences of X equals the group 
Out{T) of all outer automorphisms of T = 7ri(X). It is a well-known fact that this latter 
group is hnite. For example, using the Mostow-Margulis-Prasad rigidity theorem, one 
has a natural homomorphism Out{T) —)• Aut{G)/G with kernel Nr/T where N-p denotes 
the normalizer of F in G. Since Aut{G) has only hnitely many components, Aut{G)/G 
is hnite. Also Np is a lattice in G by a result of Borel [30, Chapter V]. Hence Out{r) is 
hnite. It follows that [X, H] is hnite. □ 

3.1. Fixed point property. Recall that a topological space X has the hxed point prop¬ 
erty if any continuous self map of X has a hxed point. Let X be a compact connected 
smooth manifold such that its Euler characteristic x(X) vanishes. Then the identity map 
of X is homotopic to a diheomorphism which is hxed point free. (One need only consider 
the how, for small values of time, of a nowhere vanishing smooth vector held on X.) 
Suppose that G is a connected semisimple non-compact Lie group having rank at least 
2 such Aut{G) = G and that F is an irreducible cocompact lattice such that F = Np, 
the normalizer of F in G. Denote by G a maximal compact subgroup of the complexi- 
hcation of G which contains X; thus U/K is the compact dual of G/K. Suppose that 
x{U/K) 7 ^ 0. (This is equivalent to the requirement that rank(U) = rank{K) or that G 
admit a compact Cartan subgroup.) Then X = F\G/X has the hxed point property. In¬ 
deed our hypothesis implies that Out{r) is trivial. If / : X —)■ X is a self-map, then either 
/ is null-homotopic, in which case the Lefschetz number L{f) = 1, or, / is homotopic to 
the identity map of X in which case L{f) = x(X). By the Hirzebruch proportionality 
principle (cf. [18]), x(X) is a non-zero multiple of x{U/K). Therefore, by the Lefschetz 
hxed point theorem / has a hxed point. 
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If Nr 7 ^ r and if A^r is torsionless, then we have a covering projection p : X ^ Y, 
indncing the inclnsion F C N-p between fnndamental gronps, where Y = Nr\G/K. The 
deck transformation group iVr/F being non-trivial, we see that X admits a hxed point 
free diffeomorphism. 


4. Existence of orientation reversing isometries 

Let G be a connected non-compact real semisimple Lie gronp withont compact factors 
and let K a maximal connected compact snbgronp of G. We will assnme that G has 
trivial centre bnt we do not assnme that G is of higher rank. Let F be any torsionless 
discrete snbgronp of G. Then X := T\G/K is an orientable manifold. In this section we 
address the qnestions: does X admit an orientation reversing isometry? The relevance 
of this qnestion to degrees of maps between locally symmetric spaces with domain X 
has already been explained Remark 3.2. Note that if X admits an orientation reversing 
isometry, then so does the nniversal cover G/K. 

We will assnme that dim(X) > 3 since the case of snrfaces is well nnderstood. We 
denote by G the gronp of all antomorphisms of G. Then Out{G) = G/G, the gronp 
of components of G, is hnite and the existence of an orientation reversing isometry on 
G/K is eqnivalent to the snrjectivity of the homomorphism u : Out{G) —)■ Z/2Z whose 
kernel consists precisely of those components of G which consists of orientation preserving 
isometries. 

We denote by F the normalizer of F in G. If F is a lattice in G, then from Borel’s theorem 
we see that F is a lattice in G and Out{T) = F/F. In particniar F/F is a hnite gronp. In 
any case we have have a natnral homomorphism : F/F —)■ G/G = Out{G). Hence X 
admits an orientation reversing isometry if and only if Im{T]) is not contained in ker(a;), 
that is, F n G is non-empty for some component G of G snch that u}{G) 7 ^ 0 G Z/ 2 Z. 

Let U/K he the simply connected compact dnal of G/K. Snppose that : U/K —)■ 
U/K is an isometry which we assnme, withont loss of generality, hxes the identity coset 
o. As U/Z{U) is covered by the identity component of the gronp of isometries of U/K, 
au indnces an antomorphism, again denoted cr^, of the Lie algebra Lie{U) =: u = t © zp 
that stabilizes i and hence p* := ip as well. (Recall that Lie{G) = p = t © p.) Let a 
be the complex linear extension of to u © C =: gc- Then cr( 0 ) = g and so cxo := alg 
is an antmorphism of g. We denote by the same symbol (Tq the antomorphism of G/K 
indnced by cxo G Aut{Q). Conversely, starting with an isometry ao of G/K that hxes the 
identity coset oi G/K, which is again denoted o, we obtain an isometry oi U/K that hxes 
o E U/K (nsing the assnmption that U/K is simply connected). 

We have the natnral isomorphism of tangent spaces ToU/K = \x/i = p* and TqG/K = 
g/t = p. Note that dcr„ : TqU/K = p* —)■ p* = ToU/K and dao '■ TqG/K = p —)■ 
p = TqG/K are restrictions of the same complex linear map a : gc —gc- Hence is 
orientation preserving if and only if cxo is orientation preserving. 
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Proposition 4.1. Suppose that U/K is the simply connected compact dual of G/K. The 
space G/K admits an orientation reversing isometry if and only ifU/K admits an orien¬ 
tation reversing isometry. In particular, ifU/K does not admit any orientation reversing 
isometry, neither does X = r\G/K for any torsionless discrete subgroup T G G. □ 

In view of the above proposition, we need only consider simply connected symmetric 
spaces U/K of compact type to decide whether G/K admits an orientation reversing 
isometry. We shall assume that G is simple and settle this question completely for all 
symmetric spaces G/K where G is of classical type or G is a complex Lie group. We shall 
also address a few cases where G is exceptional. 

Recall that if a smooth compact manifold admits an orientation reversing diffeomor- 
phism, then the manifold represents either the trivial element or an element of order 2 in 
the oriented cobordism ring 12* and hence all its Pontrjagin numbers are zero. See [24, p. 
186]. Suppose that some Pontrjagin number of G/iP is non-zero, then it does not admit 
any orientation reversing diffeomorphism and the same is true of X = T\G/K as well for 
any torsionless discrete subgroup P. In the case when P is a cocompact lattice, by the 
Hirzebruch proportionality principle ([15], [18]) the corresponding Pontrjagin number of 
X is non-zero and X represents an element of inhnite (additive) order in 12*. 

4.1. Symmetric spaces of type IV. When G is a simply connected complex simple 
Lie group, we have U = K x K, G/K is of type IV, and U/K = K is of type 11. Let 0 
be an automorphism of g = t -|- it =: which preserves t. Then either cf is the C-linear 
extension 0 := i/i ® C of an automorphism -0 of t or is of the form aoo 0 where cxo is the 
complex conjugation. Since cxo restricted to p = it equals —id, G/K admits an orientation 
reversing isometry if dimcfl = dimt is odd. If (p = 6, then 0|it is orientation reversing if 
and only if 0 is. Suppose that t C t is the Lie algebra of a maximal torus T G K. By 
composing with an inner automorphism of t if necessary, we may assume that stabilizes 
t. Let A be the set of roots of 0 with respect to t"' and let S be the set of simple roots 
for a positive system of roots A"*". Then A is also the set of roots of f with respect to t. 
We may further assume, by composing with an inner automorphism of g representing a 
suitable element of the Weyl group of (f, t), that 0 preserves A+. See [13, Theorem 3.29, 
Ch. X]. Then 0 induces an automorphism of the Dynkin diagram of (f, t). We claim that 
0 is orientation preserving if and only if it induces an even permutation of the set of nodes 
of the Dynkin diagram, namely, S. To see this, for any complex linear form 7 on t*^, let 
e be the unique element such that G t^. (Here .) is 

the Killing form.) Then iHa G t for all a G A. Let Xa,a G A, be a Weyl basis (in the 
sense of [13, Dehnition, p.421]). Then, for any 0 G A"*", Xy — X-g,i{Xy -f X^y) form an 
M-basis for the real vector space t fl (g^ -f- g_^) =: ig. The ig, 0 g A+, are the non-trivial 
irreducible T-submodules of t and we have ipifg) = ^7 where 7 = 0*(0) = 0 o 0 g A’*’. 
In fact, the assumption that 0(A’'“) = A+ implies that the matrix of 0 : —)■ ^7 with 

respect to the ordered bases of 'tg,'t^ as above is of the form ) with + y'g = 1 

(see [13, §5, Ch. IX]). It follows that the 0 : t —?• t is orientation preserving if and only 
if 0|t is orientation preserving. Since the basis iHa, a G S, of t is permuted by 0, 0|t 
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is orientation preserving if and only if -0* : S —)■ S is an even permutation. This proves 
our claim. An inspection of the Dynkin diagrams reveals that an orientation reversing 
automorphism of f exists precisely when f = su(n), n = 0, 3 mod 4, or f = so(2n), n > 4. 
We have proved 

Theorem 4.2. An irreducible globally symmetric space G/K of type VI admits an ori¬ 
entation reversing isometry if and only if either dime G = dim A' is odd, or, K is locally 
isomorphic to one of the groups SU{4:n + 3),n > 0, and SO{4m),m > 1. 

From now on, till the end of §4, we assume that G is a connected real simple Lie group 
which is not a complex Lie group. Thus G/K is of type III and U is simple. The results 
are tabulated in §4.7. 

4.2. Hermitian symmetric spaces. Let U/K be simply connected compact irreducible 
Hermitian symmetric space U/K, where U is simply connected and simple. There are six 
families of such spaces: AIII, Dill, BDI(rank 2), Cl, EIII, and EVII, using the standard 
notations (as in [13]). 

There are exactly two invariant complex structures C and C which are conjugate to 
one another in the sense that the complex structure on p* = TqU/K induced by C and 
C are complex conjugate of each other. These two complex structures are related by an 
automorphism of U that stabilizes K thereby inducing the complex conjugation on p* 
(with respect to C, say). In particular, the isometry au oiU / K is orientation reversing if 
and only if dime U/K is odd. See [4, Remark 2, §13]. In particular, Et/U{1) x Eq, which 
has dimension 27 (over C), admits an orientation reversing isometry. 

When dime U/K = d is even, we shall show that an appropriate Pontrjagin number of 
U/K is non-zero. 

The signature of a compact irreducible Hermitian symmetric space are known; see [16, 
p. 163]. In the case of the complex Grassmann manifold (Type AIII), CGp+g^p = SU{p-\- 
q)/S{U{p) X U{q)), the signature equals when d = pq is even. (Cf. Shanahan 

[34, p. 489].) The signature equals 4[p/2j for the complex quadric (Type BD I, rank 2), 
SO{2-\-p)/{SO{2)x SO{p)),p > 2. In the case of type E III, namely EQ/{Spin{10) x f/(l)), 
the signature equals 3. We shall presently show that when dime SO{2p)/U{p) = p{p — 
l)/2 = d (resp. dime Sp{n)/U{n) = n{n -|- l)/2 = d) is even, ^ 0 where pi is the hrst 
Pontrjagin class. 

We shall now compute pi := pi{SO{/2p)/U{p)). For this purpose we shall use the no¬ 
tation and the formula for the total Chern class of SO{2p)/U{p) given in [4, §16.3] with 
respect to an S'(9(2p)-invariant complex structure compatible with the usual differentiable 
structure on SO{2p)/U{p). Let aj = ... ,Xp) denote the jth symmetric polynomial 

in the indeterminates xi,... ,Xp. We set deg(xj) = 2 and consider the graded polynomial 
algebra ]K[cri,..., Up]. If IK is any field of characteristic other than 2, the cohomology alge¬ 
bra H*{SO{2p)/U{p);K) is isomorphic to ]K[cri,... ,crp]// where / is the ideal generated 
by the elements Xj := crj(xf, x^,..., Xp), 1 < j < p and cTp. We take IK to be Q. 
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We have c{SO{2n)/U{n)) = ni<i<j<p(l + Xi + Xj) from which we obtain the following 
formnla for the total Pontrjagin class: 

I-P1+P2 -= (l + Xi + Xj) (l-Xi-Xj), 

eqnivalently, 

p{SO{2n)/U{n)) = JJ {l + {xi + Xjf). 

Therefore pi = Y.i<i<j<p{.Xi + Xjf = {p - 1) Y.iKiKpXf + 2^ (n-l)Ai + 

2(72 = 2(72 = O '!5 since Ai G / and al = Ai + 2 ( 72 - Since SO{2n)/U{n) is Kahler, and since 
H‘^{SO{2n)/U{n)]Q) = Qai, we have (vf 7 ^ 0 where d = dime SO{2p)/U{p) = p{p— l)/2. 
Thus we see that pf‘^[SO{2p)/U{p)] 7 ^ 0 when d is even. 

An entirely analogous computation shows that pf^'^ [Sp{p)/U (p)] 7 ^ 0 when dim^ Sp{p)/U(p) 
n{n + l)/2 =: d is even, using the formula for the total Chern class of Sp{p)/U{p) as given 
in [4, §16.4], In fact, in this case the computations can be carried out in the integral 
cohomology ring. 

To summarise we have proved, in view of Proposition 4.1, the following. 

Theorem 4.3. An irreducible hermitian symmetric domain G/K (or its simply connected 
compact dual U/K) admits an orientation reversing isometry if and only if its complex 
dimension is odd. □ 

4.3. Oriented Grassmann manifolds. The oriented Grassmann manifold Gm+n,n = 
SO{m + ?T.)/S'0(m) x SO{n) is dual to SOQ{m,n)/SO{m) x SO{n). We leave out the 
well-known case of sphere, min{m, n} = 1, and also ^ 4^2 = 3“^ x by assuming m, n > 1 
and m -|- n > 4. When the dimension mn is odd, the symmetric space Gm+n,n admits an 
orientation reversing isometry. So assume that mn is even. 

Shanahan [34] has shown that the signature of Gm+n,n equals when both m, n 

are even, mn = 0 mod 8 , and is zero otherwise. When m = n = 2 mod 4 and m ^ n, 
it was shown that p(^^^‘^[Gm+n,n] 7 ^ 0 in the proof of [33, Theorem 3.2]. Consequently, 
Gm+n,n does uot admit an orientation reversing diffeomorphism in these cases. 

It remains to consider the cases Gm+n,n = U/K, U = SO{m + n), K = SO{m) x SO{n) 
where at least one of the numbers m, n is odd, or, m = n = 2 mod 4. Suppose that m 
is odd (the case n odd being analogous). Consider the isometry (7^ : Gm+n,n Gm+n,n 
defined as au{xK) = D~^xDK where D ;= Dm+n = diag{l,. .. ,1, —1) G 0{m + n). 
Note that D~^KD = K. Also the differential of (7^ at (9 G U/K is the linear map of 
p* = {(_ 5 t q) I i? G Mmxn(l^)} — ^mxn(l^) defined by S h-)■ BDn- Since m is odd, we 
conclude that (7„ is orientation reversing. 

Finally, let n = 2 mod 4 and consider (Ju '■ G2n,n G2n,n defined as uK 1—>■ J~^uJK = 
JuJK is an isometry where J G SO{2n) the matrix J := ( 7 ° ^0 )• Note that J~^KJ = K. 
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Then the differential of cxu at o G 17/it' is the linear isomorphism of p* = given 

by ii I—)■ —5*, which is orientation reversing if and only if (”) is odd. Since n = 2 mod 4, 
we conclnde that cr^j is orientation reversing. (Cf. [33, Lemma 3.5].) 

4.4. Quaternionic Grassmann manifolds. Next consider the qnaternionic Grassmann 

manifold = Sp{p + q)/Sp{p) x Sp{q). S. Mong [25] has shown that the signa- 

tnre of EIGp+g^p is zero if and only if both p, q are odd. We claim that the Pontrja- 
gin nnmber [EIGp+g^p] ^ 0 when p ^ q. When p = 1 < g, EIGg+i^ = HP'?, the 
qnaternionic projective space and the resnlt is dne to Borel and Hirzebruch [4, §15.5]. 
The general case can be rednced the case of quaternionic projective space. To see 
this, we assume, without loss of generality, that g > p > 1 and use the natural ‘in¬ 
clusion’ of the quaternionic projective space j : HP'?“?’“^ C MGp+g^p induced by the 

/Ip-i 0 0 \ 

obvious inclusion of i7 := I o Sp(q-p+2) o | = Sp{q — p + 2) into Sp{p + q) so that 

Hn{Sp{p)x Sp{q)) = Sp{l)x Sp{q—p+l) C S'p(g—p-|-2). If we view HGp+g^p as the space 
of all g-dimensional left H-vector spaces in and HP'?“?’+^ = HG^ _p+ 2 ,i as the space 
of 1-dimensional H-vector spaces in Hcp -f- ■ ■ ■ -|- Hcg+i then j{L) = L + Hei Hep_i 

for L G HP'?“?’+^. (As usual, H stands for the skew held of quaternions and Ci,..., Cp+g, 
the standard basis for H?’’*"'?.) Then the normal bundle to the imbedding j is trivial, 
by using, for example, the description of the tangent bundle of HGp+g^p due to Lam 
[ 21 ]. So j*(pi(HGp+g^p)) = pi(HP'?“?’+^) 7 ^ 0 since g — p -|- 1 > 2 . This shows that 
Pi(HGp+g,p) 7 ^ 0. Observing that the integral cohomology rings of CGp+g^g and HGp+q,p 
are isomorphic by an isomorphism that doubles the degree and using the fact that 7 ^ 0 
where Ci G i7^(CGp+g^p; Z) = Z is a generator, we see that pj’^ 7 ^ 0 in iP‘?’^(HGp+g^p; Z). 
Thus the Pontrjagin number pj”^[HGp+g^p] 7 ^ 0. (See also [33, Theorems 3.2(iii) and 
3.3(ii)].) Hence when p 7 ^ g, HGp+g^p does not admit an orientation reversing diffeomor- 
phism. 

It remains to consider the case p = g = 1 mod 2. In this case HG 2 p,p admits an 
orientation reversing isometry as we shall now show. For this purpose, we shall use the 
description 5 p( 2 p) = | Z = (, Zi, Z 2 G Mp{C),A,B G sp(p)}, where 

sp(p) = {(^^)|Wg u(p), W = y G Mp(C)}. Thus p* consists of all matrices of the 
form ( 0 ) ^ •Sp(2p). Conjugation by J = (5 q) is an automorphism of 5 p( 2 p) which 
maps {_^z b) (f 74^)- Evidently it stabilizes t = sp(p) x sp(p) and, since p is odd, 
reverses the orientation on p*. 

4.5. Other symmetric spaces of classical type. Consider the space S'f/(n)/S' 0 (? 7 ,), n > 
2 (type AI). Note that p* = iSym^{M.), consisting of trace 0 symmetric matrices with 
purely imaginary entries. Thus p* = Sym^(R). Conjugation by D := diag{l, ..., 1, —1) 
yields an isometry defined as xK 1 —)■ DxDK which induces on p* the map X 1 — 
DXD. It is readily seen to be orientation reversing if and only if n is even. When 
AmiSU{n)/SO{n) = {n + 2){n — l)/2 is odd, i.e., when n = 0,3 mod 4, the involutive 
isometry gK — ^g~^K is orientation reversing. It remains to consider the case n = 1 
mod 4. When n = 1 mod 2, the outer automorphism group of S'L(n, M) is generated by 
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the Cartan involution X —)■ see [26, p. 132-133]. It follows that SL{n,M.)/SO{n) 

and SU{n)/SO{n) does not admit any orientation reversing isometry if n = 1 mod 4. 

Next consider the symmetric space SU{2n) / Sp{n) (type All), which is dual to SU*{2n) / Sp{n) 
where SU*{2n) C SL{2n,C) consists of matrices Z which commute with the transfor¬ 
mation \zi, Z 2 n) = \Zn+l, • • • , ^ 2 n, “^ 1 , • • • , “^n), ^ \zi, Z 2 n) € Again 

the outer automorphism group of SU*{2n) is generated by the Cartan involution X —)■ 

^X~^ by the work of Murakami [26, p. 131-132], Hence SU*{2n)/Sp{n) (equivalently 
SU{2n)/Sp{n)) admits an orientation reversing isometry if and only if its dimension 
(n — l)(2n -I- 1) is odd, that is, if and only if n is even. 

4.6. Symmetric spaces of types G and F II. Borel and Hirzebruch [4, §18,19] 

have computed the Pontrjagin numbers of G2/S'0(4) (type G) and of the Cayley plane 
F^/Spin{Q) (type F II). In particular they showed that p2[G2/*S'0(4)] ^ 0 andp4[F4/S'pm(9)] ^ 
0. Hence neither G 2 /SO{A) nor F 4 ^/Spin{9) admit any orientation reversing diffeomor- 
phism. Also, by the formula of G. Hirsch, the Poincare polynomials of G2/5'0(4) and 
F 4 ^/Spin{9) are 1 + U + U and 1 -|- -1- it follows that their signatures are 1 (with 

suitable orientations). 

4.7. The table of results. We summarise the above results for type HI symmetric spaces 
in Table 1: Here OR indicates the existence of an orientation reversing isometry and OP 
indicates that every isometry is orientation preserving. 


Type 

U/K 

parameter 

OP/OR 

A I 

SU{n)/SO{n) 

n = 0,2, 3 mod 4 

OR 



n = 1 mod 4 

OP 

A H 

SU(2n)/Sp{n) 

2\n 

OR 



to 

1 

OP 

A HI 


2\pq 

OP 



pq = 1 mod 2 

OR 

BD I 

Gp+q^p 

2|p,2|g,8|pg 

OP 



otherwise 

OR 

D HI 

SO{2n)/U{n) 

n = 2,3 mod 4 

OR 



n = 0,1 mod 4 

OP 

C I 

Sp(n)/U(n) 

n = 1,2 mod 4 

OR 



n = 0,3 mod 4 

OP 

C H 


2\pq OT p ^ q 

OP 



p = q = 1 mod 2 

OR 

E HI 

Spm(10)xC(l) 

- 

OP 

E VH 

tjJ 

E6xr/(i) 

- 

OR 

F H 

F,/S0{9) 

- 

OP 

G 

G2lSO{F) 

- 

OP 


Table 1. Results for irreducible symmetric spaces of Type HI. 
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5. Maps to negatively curved manifolds 

We conclude this paper with the following observations concerning maps from/to a 
ra nk -1 locally symmetric space. Indeed most of our observations hold in the more general 
context of complete negatively curved manifolds. 

5.1. Self-maps. Let M be a complete negatively curved manifold with hnite volume and 
having dimension at least 3. Then it is known that Out{Tii{M)) is hnite and that 7Ti{M) 
is co-Hophan. See [2, §5]. When M is compact, the hniteness of the outer automorphism 
group also follows from [11, §5.4A]. Thus the group of self-homotopy equivalences of M 
is hnite. If 7 ri(M) is also residually hnite, then any self-map of non-zero degree is a 
homotopy equivalence by Lemma 2.1(ii). 

Let / : Ml —)• M 2 be a (proper) continuous map between two complete negatively curved 
manifolds of hnite volume and let deg(/) 7 ^ 0. Then ||Mi|| > | deg(/)|.||M 2 || as observed 
by Gromov [10, p. 8]. Since ||Mi|| > 0 is hnite, we see that | deg(/)| is bounded above 
by I|Mi|I/IIM 2 I|. If there exists also a continuous map g : M 2 —)■ Mi with deg( 5 f) 7 ^ 0, 
then I deg(( 7 )| < | IM 2 I |/| |Mi| | and it follows that ||Mi|| = IIM 2 II, | deg(/)| = 1 = | deg(( 7 )|. 
Suppose that Mi is compact. Then so is M 2 and by a result of Sela [32] we have that 
the 7 ri(Mj) are Hophan. Hence g o f (resp. fog) induces an automorphism of 7 ri(Mi) 
(resp. 7 ri(M 2 )) and so / and g are homotopy equivalences. If dim(Mi) > 5, then by 
the topological rigidity theorem of Farrell and Jones [8] , we deduce that Mi and M 2 are 
homeomorphic. This has already been observed under the hypothesis that | deg(/)| = 1 
by Sela [32]. 


5.2. Maps from manifolds with positive first Betti number. The hrst Betti num¬ 
ber conjecture is the assertion that every hyperbolic 3-manifold X having hnite volume 
admits a hnite cover whose hrst Betti number is positive. This implies the virtual Haken 
conjecture and is implied by the virtually hbred conjecture, which asserts that X admits a 
hnite cover which hbres over the circle. The virtual hbred conjecture for closed hyperbolic 
3-manifolds has been established recently by Agol [1]. 

More generally, it has been conjectured that any locally symmetric space X = r\G/K, 
where G is a connected semisimple (non-compact) linear Lie group of real rank 1, admits 
a hnite cover whose hrst Betti number is non-zero. In group theoretic terms, it translates 
into the assertion that the lattice T admits a hnite index subgroup Tq whose abelianization 
is inhnite. Although this conjecture seems to be as yet unresolved, it is known to be true 
in most cases when T is arithmetic. See [23], [3], [31], and [35]. 

We want to show that ii Y = A\H/L is any locally symmetric space where A is 
torsionless and H is any connected semisimple linear Lie group and X is any manifold 
with positive hrst Betti number, then the set [X, Y] is inhnite. It is easily seen that, when 
H is regarded as a subgroup of GL(A1, M) for some A1, there exists a A in A not all of 
whose eigenvalues are on the unit circle. It follows that A™ and A" are not conjugates 


DEGREES OF MAPS BETWEEN LOCALLY SYMMETRIC SPACES 


15 


in GL(iV, M) if \m\ ^ |n|. Hence A has infinitely many distinct conjugacy classes. In 
fact, it follows from the work of Brauer [5] (cf. [29]) that any inhnite, residually hnite 
group has inhnitely many conjugacy classes. In particular, any hnitely generated inhnite 
subgroup of GL{N,M.) has inhnitely many conjugacy classes. The following very general 
result shows that [^, H] is inhnite. 

Proposition 5.1. Let X he any connected CW complex with positive first Betti number. 
Let Y he an Eilenberg-MacLane complex K{A, 1) where A is any group that has infinitely 
many conjugacy classes. Then the set [X, Y] of (free) homotopy classes of maps from X 
to Y is infinite. 

Proof. Let T = nfiX). Since the spaces involved are CW complexes, and since F is a 
K{A, l)-space, any homomorphism T —)• A is induced by a continuous map X —)■ F. If 
two maps f,g:X^Y are (freely) homotopic, then there exist inner-automorphisms 
La G Aut(T) and 4 G Aut{A) such that = Lb o f^ o la : T —>■ A. Let a : L —)■ Z be a 
non-zero element of iL^(X;Z). We may assume that a is surjective; choose a 70 G L such 
that 0(70) = 1. For any A G A, let /a : X —)■ F be any continuous map which induces the 
homomorphism 9x := e\o a where ca : Z —)■ A is dehned by 1 h->■ A. Suppose that fx and 
are (freely) homotopic. Then there exist a G T and 6 G A, such that 9fj, = Lb o 9x o La- 
Evaluating both sides at 70, we obtain fi = hXb~^; thus A and /i are conjugates in A. Since 
A has inhnitely many conjugacy classes it follows that [X, F] is inhnite. □ 
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